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Topological excitations of gauge fields exhibit a discrete behavior, which arises from the global
structure. We calculate the Chern numbers of higher dimensional Taub-NUT and Taub-Bolt instan-
tons and find the winding numbers, which classify the U(1)−bundles that harbor Maxwell dyons.
Our results can be written in general for any even dimension and apply for many different theories
of gravity. We illustrate this point by focusing on Lovelock gravity. The magnetic flux is found to
be a pure topological excitation whereas the electric flux is indirectly indexed by the magnetic coun-
terpart. We argue that this last result is a consequence of the path integral approach to quantum
gravity.
MSC: 32L81, 51P05, 55R15, 58J28, 81T70
Keywords: topological charge, gravitational instantons, Chern-Simons invariants, gravity in dimen-
sions higher than four
I. INTRODUCTION
Winding numbers are known to represent the quantum nature of many physical quantities. This theoretical result
has been verified in several physical systems; for instance, in superfluids, the winding number of a condensate wave
function is related to vorticity flux quanta [37]. Moreover, the circularity of superfluid Helium can only take integer
multiples of h/m, where m is the mass of a 4He atom or a pair of 3He atoms. The winding of the phase is a topological
feature and since the flow momentum in superfluids is given essentially by the differential of the phase, then circularity
is quantized.
Topological structures of this type yield a quantization of the magnetic charge p of an isolated monopole [40]. The
interaction of this bosonic monopole field with a fermion of electric charge qF leads to the condition that qF can only
take discrete values [14]. These values are integer multiples of ~/2p and are a consequence of demanding that the
wave function is globally defined on the line bundle associated to the monopoles U(1)−bundle.
On the other hand, quantum gravity remains an outstanding problem of theoretical physics, although several
methods and techniques have been proposed to analyze this problem [9]. For instance, the path integral approach
uses Wick rotated classical solutions to derive the thermodynamics of black holes. To do so, one imposes regularity
conditions on the Euclidean metric and performs a saddle point approximation. This method yields the Hawking
temperature of black holes and coincides with the calculations of semiclassical gravity, where quantum fields are
considered over curved classical backgrounds.
In a previous work[16], we examined Taub-NUT gravitational instantons with Wick rotated Maxwell fields. The
magnetic flux was found to be a topological excitation of the gauge field given essentially by a winding number. The
regularity conditions imposed to perform a saddle point approximation lead to the quantization of the electric flux. In
this work, we study higher dimensional Taub-NUT spacetimes and derive several generalizations of the corresponding
quantized configurations.
In the classical theory, Taub-NUT spacetimes [28, 29, 35] are Petrov type D solutions with quite special properties.
The Taub-NUT solution is contained as a special case in the Pleban´ski-Demian´ski solution [33] which, in Einstein-
Maxwell theory with cosmological constant, represents the most general type D metric with aligned fields. This
solution contains seven independent parameters that are interpreted as mass, NUT parameter, acceleration, rotation,
electric charge, magnetic charge and cosmological constant. The Schwarzschild geometry is included in this family
∗daniel.flores@correo.nucleares.unam.mx
†quevedo@nucleares.unam.mx
2and has only one free parameter, the mass. The NUT parameter has no Newtonian analog, but is linked to several
gravitational effects. The frame dragging on a Taub-NUT space, for instance, is peculiar when compared to the
Kerr dragging as in the northern hemisphere it is opposite to the one in the southern hemisphere [31]. This results
in the vanishing of the global angular momentum. Also, if one compares the gravitational lensing produced by the
Schwarzschild and Taub-NUT metrics, the effects are the same except for a shearing effect coming from the NUT
parameter [30]. It is interesting to note that the Pleban´ski-Demian´ski metric cannot be written in the Kerr-Schild
form [25] unless the acceleration and NUT parameters vanish [34]. Finally, among all the parameters entering the
metric the only one that seriously impacts the topology of the solutions is the NUT parameter.
Linearized gravity can be represented in a way that resembles the theory of electromagnetism [38]. There, the
mass in Schwarzschild spacetime is the analogue of the electric charge. The dual of the Schwarzschild spacetime is
the Taub-NUT solution and so the NUT parameter is sometimes referred to as the magnetic mass [22]. In general,
however, the Taub-NUT solution is a dyon with both electric and magnetic mass. On the gravitomagnetic sector
[6], the angular momentum is recognized as the gravitomagnetic dipole while the NUT parameter corresponds to the
monopolar equivalent. This means that Taub-NUT configurations are in some sense the analogue of Dirac monopoles.
II. TAUB INSTANTONS
Historically, Taub[35] first found a particular solution to Einstein’s equation in vacuum by imposing a large number
of symmetries. Over a decade later, Newman, Tamburino and Unti [29] generalized the Schwarzschild exterior solution
to include an extra parameter which is now called NUT. Misner [28] realized that Taub’s solution was in fact the same
generalization of the Schwarzschild space. This Taub-NUT spacetime was found to have severe conical singularities
unless the timelike direction is periodic.
Gravitational instantons were first proposed by Hawking [17], by utilizing Wick rotations[39] and following the
formalism of instantons in Yang-Mills theory. It was found that there exists a Euclidean metric with selfdual curvature
form, stemming from the Taub-NUT spacetime. The Schwarzschild equivalent has its event horizon transformed into
a codimension two submanifold, later called a bolt. Short after Page found a Taub-NUT instanton “with a horizon”
[32] or more precisely with a bolt. These Taub-NUT and Taub-Bolt Euclidean solutions were found to exist in all
even dimensions by Bais and Batenberg [5] and by Taylor-Robinson [36], respectively.
The role played by gravitational instantons in physics has led ultimately to the application of black hole thermody-
namics to non black hole instantons such as Taub-NUT and Taub-Bolt. The study of the anti-de Sitter (AdS) space
has led the introduction of an extended phase space for classical black hole thermodynamics [18, 20]. AdS-Taub-NUT
and AdS-Taub-Bolt solutions were studied by Hawking, Hunter and Page [19]. Their higher dimensional analogues
were assembled by Awad and Chamblin[3]. Gravitational instantons are much less understood than their counterparts
in gauge theories; notwithstanding, it is well known that topology in this case plays a major role. Whereas the black
hole entropy is closely related to the presence of event horizons, bolts and instantons act as topological obstructions
which ultimately define the entropy.
The AdS-Taub-NUT/Bolt spacetimes are also solutions of Lovelock gravity in dimension four. The six dimensional
analogue was found by Dehghani and Hendi in [11]. In the same work, Taub-NUT/Bolt solutions were found for
Gauss-Bonnet gravity in every even dimension. Moreover, in [21], the corresponding solution for Lovelock gravity in
eight dimensions was found; this one, however, up to third order in the Lovelock parameter. All the solutions discussed
so far share the same metric. Moreover, each solution has a U(1) isometry in the Euclidean time direction. This
direction is required to construct a Hopf fiber over a particular base manifold. In this work, we will limit ourselves
to the case where the base manifold is a complex projective space. We will see below that with this assumption only
very little generality is lost. Electromagnetic gauge potentials are constructed in such a way that the Hopf fibering is
possible, leading to dyonic backgrounds.
First, let us consider the Brill spacetime [7] which has the line element
ds2 = −f(r)(dt+ 2l cos θdφ)2 + f(r)−1dr2 + (r2 + l2)(dθ2 + sin2 θdφ2) (1)
and a field strength F of the form
F = g′(r)dr ∧∆+ g(r)d∆, (2)
which is aligned with the Killing form
∆ = dt+ 2l cos θdφ, (3)
and will be called from now on a Brill type field strength. The functions f and g are given explicitly Eqs.(A1a) and
(A1b) of the Appendix. Notice that the gauge potential can be chosen as A = g(r)∆ [2]. The main characteristic of
3Brill type fields is that they are specially adapted to the anisotropies of the background. For A to be globally defined,
it is sufficient to consider two pieces defined by
A± = h(r)∆± = h(r)[dt + 2l(±1 + cos θ)dφ]. (4)
To obtain a gravitational instanton, we apply a Wick rotation t → iτ and transform the NUT parameter as l → in,
guaranteeing that the Riemannian metric be real. This alters the metric and the line element now takes the form
ds2 = Y (r)(dτ + 2n cos θdφ)2 + Y (r)−1dr2 + (r2 − n2)(dθ2 + sin2 θdφ2). (5)
The null surface r = r+ becomes now a degenerate submanifold for the Riemannian metric. These submanifolds are
the fixed point set of ∂τ . If this set is a point, it is called a nut, which happens when r+ = n. The metric completely
degenerates, but this point is regular. So, the global topology is R4 and the gauge potential can be defined globally
with one open cover. It also follows that the only fiber bundle which can be constructed over it is the trivial one.
If r+ > n the metric degenerates at r = r+ into that of a two-dimensional sphere. This fixed point set of codimension
two is called a bolt. The global topology coincides with that of CP2\{∗}. Notice that the space is the fibration of a
plane over the bolt and, therefore, it has the homotopy type of the bolt. The gravitational instanton with a nut (bolt)
is called Taub-NUT(-Bolt) and we call them collectively Taub instantons.
The gauge potential will not be real unless we take an additional Wick rotation of the electric charge. Then, the
gauge potential is now defined locally by
A± = h(r)[dτ + 2n(±1 + cos θ)dφ]. (6)
However, because of the presence of a degenerate submanifold at r = r+, we must require h(r+) = 0 so that the field
is well defined there. The functions Y and h are given explicitly in Eqs.(A2a) and (A2b).
Finally, we comment that in the case of Taub-Bolt the pieces of the gauge potential A± are defined on different open
sets that cover the entire Euclidean space and are related through a gauge transformation. The different ways, up to
homotopy, one can map the intersection of these coverings into the gauge group, classify the distinct U(1)−bundles
that can be constructed over the space. Since the intersection is homotopy equivalent to a circle, we have a winding
number defined by this S1 → S1 map. The degree of this map is related to the magnetic flux and, as a consequence,
the latter is quantized. The Chern number for Taub-Bolt is the square of this winding number [16].
A. Gravity Theories
Before analyzing higher dimensional instantons, we shortly review Lovelock’s gravity and other related theories,
where Taub instantons have been found to exist. Lovelock theory [26] is the most general ghost-free theory of gravity
with second-order differential equations of motion in any dimension. In four dimensions, it coincides with Einstein
gravity with a cosmological constant. In at most two dimensions higher, it coincides with Einstein-Gauss-Bonnet
gravity, including a cosmological constant. The Lovelock action in even dimensions is given by
IL[g] =
∫
d2k+2x
√−g
[
k+1∑
i=0
αiLi
]
. (7)
where αi are constants and
Li = 1
2i
δa1a2...a2ib1b2...b2i R
b1b2
a1a2
· · ·R b2i−1b2ia2i−1a2i . (8)
Notice that with increasing dimensionality, higher power curvature terms are included. So, although Lovelock solutions
are desirable in higher dimensions, they are also increasingly more complex. It is therefore convenient to consider
only particular cases in arbitrary high dimensions. Following Dehghani and Mann [12], we write
I[g,A] =
∫
d2k+2x
√−g [−2Λ +R+ α2L2 + α3L3 − FabF ab] (9)
where
L2 = RabcdRabcd − 4RabRab +R2, (10)
4is the integrand in the Gauss-Bonnet theorem and
L3 =2RabcdRcdefRefab + 8RabcdRcebfRdfae + 2RabcdRcdbeRea
+ 3RRabcdRcdab + 24R
abcdRcaRdb + 16R
abRbcR
c
a − 12RRabRab +R3. (11)
In the notation of Eq.(9), α0 = −2Λ and α1 = 1. Taub instantons are known for α2 = α3 = 0 and k = 1, α3 = 0 with
k = 2 as well as for αi 6= 0 and k = 3. These two solutions [2, 11] follow Lovelock-Maxwell dynamics. For k = 3 a
vacuum solution is known [21], but its Maxwell generalization is not known; preliminary calculations, however, show
that the corresponding set of equations is consistent and exact solutions seem to exist [10]. Leaving k arbitrary, to
include any even dimension greater than two, Taub instantons are known to exist in Einstein (α2 = α3 = 0) and
Gauss-Bonnet (α3 = 0) gravity coupled to Maxwell matter [11, 13]. For a further description of these solutions, we
refer to the Appendix.
III. HIGHER DIMENSIONAL REPRISE
The family of spacetime metrics we consider in 2k + 2 dimensions can be written in general as
ds2 = − f(r)(dt+ 2lAk)2 + f(r)−1dr2 + (r2 + l2)dΣ2k, (12)
where Ak is the Ka¨hler potential of the Einstein-Ka¨hler metric dΣ2k, which describes the geometry of a complex
projective space CPk. Both the potential Ak and the line element dΣ2k can be defined recursively. These definitions
exploit the fact that every space CPk contains an extrinsically flat submanifold CPk−1. First, let us define
A1 = 2 sin2 ψ1dφ1 = (1 − cos θ1)dφ1. (13)
The coordinate φ1 varies from 0 to 2π while ψ1 does so from 0 to π/2 and θ1 = 2ψ1. The coordinates (ψ1, φ1) best
accommodate the recursive definitions mentioned above. The pair (θ1, φ1) are spherical coordinates and are presented
for comparative reasons. Since CP1 coincides with S2 we have that
dΣ21 = 4(dψ
2
1 + sin
2 ψ1 cos
2 ψ1dφ
2
1) = dθ
2
1 + sin
2 θ1dφ
2
1. (14)
The four dimensional case is readily seen to be the Taub-NUT space — once f(r) is chosen appropriately. Since the
potential A1 is not well defined everywhere on the sphere, for a global definition over the background space we should
use
A′1 = 2 cos2 ψ1dφ1 = (1 + cos θ1)dφ1. (15)
Then, the recursive formula read
Ak = (k + 1) sin2 ψk
(
dφk +
1
k
Ak−1
)
, (16)
dΣ2k = 2(k + 1)
[
dψ2k + sin
2 ψk cos
2 ψk
(
dφk +
1
k
Ak−1
)2
+
1
2k
sin2 ψkdΣ
2
k−1
]
. (17)
For any fixed value of r with f(r) > 0, there is a codimension one surface with the topology of S2k+1 endowed with a
Lorentzian metric. The timelike direction ∂t is fibered over a CP
k. Then, the periodicity of ∂t leads to the appearance
of closed timelike curves.
After carrying out a Wick rotation t→ iτ and l → in, we are left with the Riemannian metric
ds2 = Y (r)(dτ + 2nAk)2 + Y (r)−1dr2 + (r2 − n2)dΣ2k, (18)
which describes an r−foliation of a 2k + 1 dimensional spheres with a positive definite metric. Nonetheless, this
foliation is degenerate whenever Y (r+) = 0 for some value r+. On the one hand, if this value coincides with n,
the spherical foliation shrinks to a nonsingular point called a nut. If this point were singular, it would lead to its
removal from the manifold. In dimension 2k+2 such a removed point has the homotopy type of a sphere S2k+1. So if
the Einstein-Ka¨hler submaniold mentioned above were not a complex projective space, then the r =constant surfaces
would not be codimension one spheres. There is evidence in the literature that whenever the base of the Hopf fibration
is not a CPk space, then the nut is singular. This is because other fibrations of this type cannot be homotoped to a
5point. The global structure of this instanton is that of R2k+2. On the other hand, if r+ > n the spherical sequence
degenerates into a complex projective space of one dimension less. From the point of view of the entire manifold,
this is a codimension two submanifold and is called a bolt. As in the four dimensional case, we distinguish these
gravitational instantons by calling them Taub-NUT and Taub-Bolt, respectively. We also collectively call them Taub
instantons. The Taub-Bolt space has the topology of CPk+1\{∗} and so shares the homotopy type of the bolt. To
visualize this, one can picture a circular cone being fibered over the bolt; since this cone is retractable, it follows that
they have the same homotopy type.
In the charged solutions we analyze, Maxwell matter backreacts only on the metric function Y (r), i.e., the metric
continues to have the form given in Eq.(18). Since our goal is to generalize the results of [16], we consider only
field strengths of Brill type (2). An example of higher dimensional Taub-NUT spaces with Maxwell fields which are
not of Brill type was presented in Ref. [27]. Awad considered gauge potentials of this type [2] to construct higher
dimensional versions of the Maxwell fields. In dimension 2k + 2, we have
A = h(r)(dτ + 2nAk), (19)
where h(r) is a specific function, which does not vanish asymptotically, i.e., h(∞) = v. In dimensions higher than
four, it is not obvious that this quantity is of magnetic nature. This contrasts with its electric counterpart which is
perfectly well defined in any dimension. Still, we consider v in higher dimensions as a magnetic quantity and justify
this assumption below.
Maxwell-Gauss-Bonnet solutions with a gauge potential of the form (19) were found in Ref. [11]. The thermody-
namics of higher dimensional Einstein-Maxwell configurations was carried out by Dehghani and Khodam-Mohammadi
in Ref. [13]. By considering the cosmological constant as a thermodynamic variable, which is interpreted as an ef-
fective pressure, an extended thermodynamics was formulated by Johnson [23, 24] for Taub-NUT-AdS black hole
configurations in four dimensions.
We now proceed to calculate the Chern number of U(1) Brill type fields over Taub instantons with Euclidean time
fibering over a CPk space. For a Euclidean manifold M of dimension 2k + 2 we have
ck+11 [M ] =
∫
M
c
∧(k+1)
1 , (20)
where c1 = F/2π and F is the field strength of the potential (19). This is the only nonzero Chern number for U(1)
configurations which are then completely classified by c1 — see for example the standard reference by Eguchi, Gilkey
and Hanson [15]. We write this number as a u(1) Chern-Simons invariant on the boundary as Taub instantons of the
same dimension share a common asymptote
cs[∂M ] =
1
(2π)k+1
∫
S
2k+1
∞
A ∧ F∧k. (21)
The integral is taken at r =∞ and, therefore, the topological invariant takes the same value for different configurations.
The periodicity of τ is well known to be β = 4πn(k+1)[3], so as to avoid conical singularities. Then, we make a first
simplification
cs
[
S2k+1∞
]
=
vβ(2nv)k
(2π)k+1
∫
CPk
F∧kk , (22)
where Fk = dAk has the recursive form
Fk = (k + 1)
[
d(sin2 ψk) ∧
(
dφk +
1
k
Ak−1
)
+ sin2 ψk
1
k
Fk−1
]
. (23)
The wedge product considerably simplifies the expression F∧kk . In the above equation, the sum to the wedge power
of k has only one surviving term of the binomial expansion and so it yields
F∧kk = (k + 1)kk(sin2 ψk)k−1d(sin2 ψk) ∧ dφk ∧
(
F∧k−1k−1
kk−1
)
. (24)
By successive iterations of Eq.(24), we calculate the integral∫
CPk
F∧kk = (k + 1)k(2π)k, (25)
6giving us the index
ck+11 = [2nv(k + 1)]
k+1. (26)
We see that k = 1 corresponds to the result found in [16]. Since the boundary, in this special case, always has a
unique totally geodesic submanifold CP1∞ = S
2
∞ at ψk = π/2 for all k > 1, we can integrate F at this specific location
− 1
4π
∫
CP1
∞
Fk = (k + 1)nv ≡ p. (27)
So, for any even dimension Taub instantons carry a specific magnetic charge. Therefore, Taub instantons are classified
precisely by this magnetic charge, i.e., ck+11 = (2p)
k+1.
A clarification is necessary. To construct U(1)−bundles over any backgroundM , one must consider its cohomology.
The number of distinct principal bundles that may be constructed, up to isomorphisms, is given by the cardinality of
H2(M,Z). Since we have:
H2(M,Z) =
{
0 for Taub-NUTs,
Z for Taub-Bolts.
(28)
Then all U(1)−bundles over Taub-NUT spaces are isomorphic to the trivial bundle. For Taub-Bolt there are countably
infinite distinct bundles and they are indexed by v or alternatively by p. Notice that the generator ofH2(M) is precisely
(p/2π) sin θ1dθ1 ∧ dφ1 like in a Dirac monopole[14]. The winding number is again w = 2p, which must be an integer.
These discrete values together with (27) closely resemble the quantization of the magnetic flux in fluxtubes, see, e.g.,
[4]. For another example where the magnetic flux is related to winding numbers, see also [8].
To recapitulate we have found that Taub-Bolt instantons of dimension 2k + 2 have winding number w and Chern
number given by
c1 ⌣ c1 · · ·⌣ c1[M ] = wk+1 with w ∈ Z. (29)
Following the methods of Alvarez and Olive [1], we describe the fluxes of the Maxwell matter family by examining
the homology of the spacetime and of its boundary at infinity. The second order homology group of spacetime is
isomorphic to its second order cohomological group (28). This implies that the magnetic flux is quantized only in the
case of Taub-Bolt configurations. The classifying object for the electric flux is:
H2k(∂M,Z) = 0 for all Taub instantons. (30)
That is, we do not expect a quantization of the electric flux for this collection of dyonic configurations. Nevertheless,
if the magnetic flux is quantized, it follows that the electric flux also takes discrete values only. This is an internal
consistency requirement that stems from the ansatz (19). Since the Euclidean time direction is not defined over a nut
or a bolt, there the gauge potential and field strength must vanish. This entails the requisite h(r+) = 0 which makes
the electric and magnetic parameters proportional to each other.
We recall that for a configuration to dominate the path integral, it has to be a solution to the Einstein-Maxwell
equations at every point of the manifold. This is not the case when either the metric or the gauge potential are
not regular everywhere. The action will not be stationary with respect to general variations of the configuration
containing conical singularities.
IV. DISCUSSION
The previous section made manifest that our results depend only on the form of the metric and not on the specific
bulk dynamics, e.g., the exact form of Y (r) in the metric (18) is irrelevant, as long as the metric is regular everywhere.
For Taub instantons, this means that the function Y (r) must satisfy the conditions Y (r+) = 0 and β = 4πn(k+1) =
4π/Y ′(r+). For this reason, our results apply to various theories of gravity. In other words, the results obtained
in this work are blind to the dynamics of the metric and to the exact manner in which the field backreacts on the
background, as long as the entire backreaction is encoded in the metric function Y (r). Furthermore, our results do
not depend on the form of the conformal factor h(r) given in Eq.(19). The only important features are the values of
h(r) on the surfaces at the “origin” and at infinity. The value h(∞) = v determines the Chern number and h(r+) = 0
is the basic equation which relates the electric and magnetic fluxes of the dyon.
7If the base manifold of the Hopf fibration were chosen as a product of Einstein-Ka¨hler manifolds M1 ×M2 with
Ka¨hler potentials A1 and A2, then the Chern number for the Taub-Bolt would be
ck+11 [M ] = c
i
1[M1]c
j
1[M2] with i+ j = k + 1, (31)
since the potential would be chosen as additive. In all the solutions mentioned, the winding of each manifold cor-
responds to the winding of the other, i.e., they are “co-wounded”. This can be observed by examining the H2(M)
generators. The corresponding Taub-NUT solution will have a point singularity and so its topology is R2k+2\{∗}. It
has the homotopy type of S2k+1 which has no second order cohomology group generators. Therefore, the magnetic
flux is not a topological excitation for these instantons.
Our results parallel some notions of the Dirac monopole and so we can compare them to the Dirac quantization
condition. The condition relates a charged fermion current, which is influenced by the action of a bosonic gauge field.
Since Taub instantons are spinC manifolds, charged spinor fields can be defined on such manifolds. So one expects a
Dirac conditioning of the type
2pqF = ~, (32)
where p is the magnetic flux per solid angle of the (bosonic) field and qF is the (fermionic) electric charge of the
spinor. However, the result we have focused on is the indexation of the (bosonic) electric flux, which comes from the
field. The dyonic configuration has a discrete magnetic sector because of topological reasons. The electric sector is
affected by this through the regularity condition imposed by the path integral approach to quantum gravity. So both
sectors of the dyon are ultimately indexed by the same winding number.
In a setting where the thermodynamics of these dyons are expected to hold, some concerns arise because of the
discrete jumps the magnetic flux exhibits. However, the magnetic flux is in correspondence with the electric potential
at infinity. In the fixed potential ensemble, the electric charge varies with respect to temperature, for example, but
manifests no discrete jumps because its index is fixed. Moreover, in this ensemble Taub-NUT spaces transition into
Taub-Bolt phases [24]. Since Taub-Bolt spaces require the magnetic flux to be quantized, then any Taub-NUT space
which transitions into them in the fixed potential ensemble must have a flux per solid angle which is a half integer
as well. The very definition of the NUT (r+ = n) and Bolt (r+ > n) phases entails that during this transition there
is a discontinuity in the electric charge. Recall that the electric charge is indexed by the relation h(r+) = 0. This
discontinuity is characteristic of first order phase transitions.
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Appendix A: Explicit solutions
The explicit form of the functions f(r) and g(r) given in the Eqs.(1) and (2) is
f(r) =
r2 − 2mr − l2 +Q2 + p2
r2 + l2
, (A1a)
g(r) =
Qr + (p/2l)(r2 − l2)
r2 + l2
. (A1b)
A Wick rotation relates the previous functions with Y (r) and h(r), as given in Eqs.(5) and (6), which then become
Y (r) =
r2 − 2mr + n2 − q2 + p2
r2 − n2 , (A2a)
h(r) =
−qr + v(r2 + n2)
r2 − n2 . (A2b)
Here, the electric charge Q has been Wick rotated into iq and we have set v = p/2n.
8The Lovelock solutions described at the end of Sec. II A have a geometry given by Eq.(18). We quote Y (r) and
h(r) in (19) for the four dimensional case
Y (r) =
r2 − 2mr + n2 − 3−1Λ(r4 − 6n2r2 − 3n4)− q2 + p2
r2 − n2 , (A3a)
h(r) =
−qr + v(r2 + n2)
r2 − n2 . (A3b)
The six dimensional case is given in [11]
Y (r) =
(r2 − n2)2
12α2(r2 + n2)
(
1 +
4α2
r2 − n2 −
√
B(r) + C(r)
)
, (A4a)
h(r) =
−qr + v(r4 − 6n2r2 − 3n4)
(r2 − n2)2 . (A4b)
with the auxiliary functions defined by
B(r) = 1 +
16α2n
2(r4 + 6n2r2 + 3n4) + 12α2mr(r
2 + n2)
(r2 − n2)4 +
+
12α2Λ(r
2 + n2)(r6 − 5n2r4 + 15n4r2 + 5n6)
5(r2 − n2)4 +
+
3α2(r
2 + n2)(4n3(3r2 − n2)q2 − 128n5r3qv + 32n5(r6 + 15n2r4 − 9n4r2 + 9n6))
n3(r2 − n2)6 , (A5a)
C(r) =
α22[−16(r4 + 6n2r2 + n4) + 3r(r2 + n2)q2/(α2n3)]
(r2 − n2)4 . (A5b)
The purely gravitational eight-dimensional analog leads to a cumbersome metric function Y (r), which has been
partially presented in [21] for a particular choice of the coupling constants. Moreover, a preliminary calculation [10]
indicates that this function can be modified to incorporate a Maxwell field of Brill type (19) with
h(r) =
−qr + v(r6 − 5n2r4 + 15n4r2 + 5n6)
(r2 − n2)3 . (A6)
In dimension 2k + 2, for the geometry given by (18) the Brill type gauge fields are given by [11]
h(r) =
1
(r2 − n2)k
[−qr + v(−1)k+1(2k − 1)n2k 2F1(−1/2,−k ; 1/2; r2/n2)] . (A7)
Notice that the values h(∞) = v and h(r+) = 0 lead to a value of q which is proportional to p.
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